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Abstract - -Several  "extraordinary" differential equations are considered for their solutions via 
the decomposition method of Adomian. Verifications are made with the solutions obtained by other 
methods. 
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1. INTRODUCTION 
The Adomian method to construct the solution of linear and nonlinear differential equations, both 
ordinary as well as partial, in a quick manner has been in action for quite some time now [1]. 
Recently, Arora and Abdelwahid [2] have demonstrated the use of the Adomian decomposition 
~method in solving a special differential equation of noninteger order, calling it an "extraordinary" 
differential equation, which represent, in actual sense, a class of integral equations involving the 
Abel-type transform [3,4]. In the present paper, we have considered some more extraordinary 
differential equations for solutions, which generalize the approach of the paper [2]. These newly 
considered ifferential equations have also been solved by different methods which verify both 
the correctness of the solutions as well as the quickness of the Adomian method. We have taken 
up the Adomian method of solution of extraordinary differential equations to be solved in the 
present paper, in the next section. In Section 3, we have explained the other known methods 
of solving such equations. In all the problems considered, the solutions obtained by different 
methods are found to be in complete agreement with each other. 
2. THE EXTRAORDINARY D IFFERENTIAL  EQUATIONS 
We consider here the Adomian method for solving the following extraordinary differential 
equations. 
PROBLEM 1. 
daY + y f(x). (2.1) 
dx a 
PROBLEM 2. 
day 
~,  + ~y = f(x).  (2.2) 
PROBLEM 3. 
a(x) day + b(x) y = O. (2.3) 
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PROBLEM 4. 
a(x)  day ~x a + b(x) y = f (x) .  (2.4) 
In all the cases, we have that 0 < a < 1. The functions a(x), b(x) and f (x )  appearing above are 
assumed to be nonzero analytic functions in the range 0 < x < c~. Also A and # are constants. 
In order to solve the above problems, we first cast the different equations into integrodifferential 
equations using the following results involving the fractional calculus (see [4]). 
DEFINITION. 
z f x dqf(x)  _ 1_ q f = 1 d n 
[d(x - a)] q a r(n- q) dx n (x - t ) -q+" - l f ( t )d r ,  (2.5) 
where n is the smallest positive integer such that n - q > O; (n = 0 if q < O) and F is the Gamma 
function. 
In particular, when 0 < a < 1, a -- 0, 
x 1 d foX f ( t )  
d xadaf = ol-af = [ -a f (x )  = r(1 ~) dx (x - t )  a - -d t ,  (2.6) 
and 
RESULT 1. 
z 1 fo z f ( t )  dx-ad-a---~f = olaf = [a f (x )  = r(~----~ (x _ t) l_  a dt. (2.7) 
I -a  la f (x )  : f (x ) ,  for all ~ > O. (2.8) 
RESULT 2. 
[a i n f ( z )  = la+~f(z), for a l l~>0,  /Y>0.  (2.9) 
RESULT 3. 
and in general, 
[a f (x )  = [a [a f (x )  = 12a f (x) ,  
[in I a f (x )  = I na f (x) .  
(a > 0), 
RESULT 4. 
[a [ -a f (x )  = f (x )  
where C is an arbitrary constant. 
RESULT 5. 
F(p + 1) 
I" [xp] = r ( ;  + x + ~) 
Cx a -  1 
r(~) '  (0<a<l ,  x>0) ,  
x p+", p>- l ,  for a l l#.  
RESULT 6. 
I a [~y] = ~ ~(J) I a+~ y, (~ > 01, 
5=0 
where ~a = ~(x) and y = y(x) are analytic functions of x. Also, ~(0) = ~(x). 
(2.10) 
(2.11) 
(2.12) 
(2.13) 
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Solut ion of  P rob lem 1 (Using Adomian  Method)  
Operating by [a, both sides of the equation (2.1) and using the relation (2.11), we obtain 
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y(x) = g(x) - I  ~ y(x),  (2.14) 
where g(x) = Cx  a-1 + I s f (x )  and C is an arbitrary constant. In the light of the Adomian 
method, we assume 
y(z )  = y0(~) +y l (~)+y2(~)  + .--  (2.15) 
to be the solution of equation (2.1), where 
yo(x)=g(x) ,  
yl(x) = - I  ~ yo(x), 
y2(x)=- I "  y l (x ) .  (2.16) 
Then the solution takes the form 
y(x) = g(x) - I ~ g(x) + 12~ g(x) . . . .  
Xa--1 X2a--1 X3a--1 
= cr (~)  [ r -~  - r(2~---Z + F(3~--Z (2.17) 
In particular, if a = 1/2 and f (x )  = x, we get the solution of the equation 
dl/2y 
dxl/---- ~ ÷ y = x, (2.18) 
as given by 
[1 ] 
y(x)  = Cv~ -~ - eXerfc (v/x ") + eXerf(x/~) 2v~ e x + x + 1, (2.19) 
after using the well known formulae for the functions erf (x) and erfc (x). 
So lut ion  o f  P rob lem 2 
Setting #/A = q and )~-lf(x) -- f l(x) and operating both sides by the operator [~, we obtain 
y = g(x)  - q I" y, (2.20) 
where g(x) = Cx  ~-1 + p 
Problem 1, the Adomian method gives rise to the solution of Problem 2, as given by 
IX c~-I X 2c~-1 X3a--1 ] 
y(x) = CF(a) [F -~ - q ~ + q2 F(3a) . . . .  J 
+ ~ I ~ I (x )  - q I (x )  + I (x )  . . . .  • 
f l (x )  and C is an arbitrary constant. Proceeding as in the case of 
(2.21) 
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In particular, if we take a = 1/2, f (x )  = x, A = 2 and # = 4, the equation (2.2) takes the form 
dl/2Y + 2y x (2.22) 
dxl /2  = -~ , 
and the solution of the equation (2.22) is 
+ 1-61 [e4Xer f (2v~) _ -~-j4v~ ] _ llti [e 4~ - 4x - 1] . (2.23) 
So lu t ion  o f  P rob lem 3 
The Problem 3 can be cast into the form 
d'~Y + ~o(x) y = 0, (2.24) 
dx a 
where ~o(x) : b(x) /a (x )  is an analytic function. Operating by {~ on both sides, we get 
y - Cx  '~-1 + {'~ (~oy) = O, 
where C is an arbitrary constant, i.e., 
where 
(see relation (2.13) of Result 6). 
y = Cx  ,~-1 - My ,  (2.25) 
My = E ~o(J) {~+J y, 
j=o 
The solution of the above equation (2.24) can be expressed, 
after utilizing the Adomian method, in the form 
y(x)  = C [x a-1 - M x a-1 + M2x ~'-1. .. ] , 
where 
Mny = MMn- ly ,  for n = 1 ,2 ,3 , . . . .  
In particular, when a =- 1/2 and ~o(x) = x, the solution of the equation 
dl /2y J- xy  .:  0 
dx l /2  
1 x x 5/2 7x 4 7.10 x n /2  
y(x)  = Cv'-~ v~ - 2 + F(7/2------]  2F(5----] + 2 --7- F(13/2) 
is in the form 
In deriving the above solution (2.29), we have utilized the relation 
1 
(2.26) 
(2.27) 
(2.28) 
. . . .  . (2.29) 
(2.30) 
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Solut ion of  P rob lem 4 
The Problem 4 can be rewritten as 
day 
dz----- ~ + ~(z) y = f l  (x), 
where qo(x) = b(x)/a(x)  and f l (x )  = f (x ) /a (x )  are analytic functions. 
operator [a on both sides, we get 
(2.31) 
Then, applying the 
y(x) = g(x) - M y(x), 
where 
g(x)=Cxa-l T r  fl(x), My= ~-~(7)~( J )  [a+jy. 
j=0 
and C is an arbitrary constant. Using the same Adomian method as has been done before, we 
obtain the solution of Problem (2.31) as given by 
y(x) = C [x a-1 - i x  a-1 + i 2 x a -1 . .  . ] 
[]a fl(X ) - - i ]a  fl(X ) _~_ i2[a f i (x ) . . . .  ] , (2.32) + 
where use has been made of the relation of the type (2.27). 
In particular, when a = 1/2, ~(x) 
extraordinary differential equation 
can be expressed as 
-- x and fl(X) 
dW2y + xy = x, 
dxl/2 
where 
= x, we find that the solution of the 
(2.33) 
v /~ + Cx/~ Z( -1 )  ~ A,~ F ((3n + 7)/2) n=0 
+ ~--~'(-1) ~ B,~ F ((3n + 5)/2)' (2"34/ 
n=0 
7 1) . . .  (7+n 1) Ao= l, B~ = ~ +1 . . .  + n -1  , Bo = I. 
3. VERIF ICAT ION WITH SOLUTIONS 
DERIVED BY  OTHER KNOWN METHODS 
The other known methods to solve the four problems (2.18), (2.22), (2.28) and (2.33) in Sec- 
tion 2 are discussed in this section. 
PROBLEM (2.18). (Conversion to an ordinary differential equation) 
Apply ing [2/2 on both sides of the equation (2.18), we get 
C 4 x 3/2 d-U2y 
- (3.1) Y x/~ 3 x/~ dx -1/2'  
where C is an arbitrary constant (see Result 4). After differentiating the equation (3.1) and 
making use of the equation (2.18), we get 
dy 2 C x_3/2. (3.2) d--~ - y = -~ v/x - z - ~ 
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The solution of the ordinary differential equation (3.2) is obtained as 
-2v~ c 
y(x) - ~ + (1 + x/~C) eZerf (x/q) + x + 1 + ~ + Cle x, (3.3) 
where C and C1 are arbitrary constants. The function y(x) given in equation (3.3) will be a 
solution of Problem (2.18) if C1 = -1 - x/~C. The solution of the equation (2.18), derived 
from (3.3), matches with the solution (2.19). 
PROBLEM (2.22). (Laplace transform method) 
Taking the Laplace transform of both sides of the equation (2.22), we get 
K 1 1 
y(s) = x/~ +------~ + 2 s2(x/~ + 2)' (3.4) 
where ~(s) is the Laplace transform of y(x) and K = d-I/2~(°) 
dx-1 /2  • 
Taking the inverse Laplace transform of the equation (3.4), we obtain the solution of the 
equation (2.22) as 
y(x )=Cv~ [ -~x-  2e4Xerfc (2v~]  + 1 [e4~erf(2x/~)- 4v/x] 1 [e4X -4x -  1] 
- l o  ' 
(3.5) 
which fully agrees with the solution (2.23), where C = K/x/q. 
PROBLEM (2.28). Applying the operator [1/~ on both sides of the equation (2.28) and using 
equation (2.30), we get 
C d-1/2y 1 d-3/2y 
y - -~  = -5  dx_l/2 + 2 dx-3/2' (3.6) 
where C is an arbitrary constant. 
Making use of the equation (2.28) and differentiating (3.6), we get 
dy C -3/2 x2y 1 d-1/2y (3.7) 
d-'-x + 2 x = 2 dx-1/2" 
After differentiating the equation (3.7) again and making use of the equation (2.28), we get 
d2y x2dy 5 xy= 3Cx-5/2 (3.8) 
dx 2 dx - 2 --4 " 
The solution of the second order ordinary differential equation (3.8) is 
y(x) = K191(x)+K292(x) +9(x), (3.9) 
where 
5 X 3 5.11.4 x 6 5.11.17.4.7 x9 
~ l (X)=l+~+ 2------ ~ 6--[ + 23 9 - [+ ' " '  
7.2 x 4 7.13.2.5 x 7 
~]2(x) = x + -~- ~.w + 2 - - - - -~  7-[ +""  ' (3.10) 
~(5)=CVq[v~ ~ xS/~ 754] 
2 + F(7/2------) 2 r(5---] +""  " 
K1 and K2 are arbitrary constants. The function given by the equation (3.9) satisfies the equa- 
tion (2.28) if K1 = 0, K2 = 0. This decides that the solution of Problem (2.28) is ~(x) as given 
as in (3.10), which fully agrees with the expression (2.29). 
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PROBLEM (2.33). We can cast the equation (2.33) into the form 
5 1 d2y x2 dy 5 3C x_5/2 
dx 2 dx 2 xy =- -~ - ~ x + v /~,  (3.11) 
and the solution of this differential equation (3.11) is found to be 
y (x )=K191(x)+K292(x)+yp(x) ,  (3.12) 
where K1 and K2 arbitrary constants, ~l(X) and ~2(x) are functions given by equation (3.10) and 
yp(X) is the function given by the equation (2.34). The function y(x) as given in equation (3.12) 
satisfies the equation (2.33) and this implies that K1 = 0 and K2 -'- O, so that the solution of the 
equation (2.33) is the function yp(X), which is the same as that given by the equation (2.34). 
4. CONCLUSION 
It is observed from the last problem considered in this paper that even though certain extraor- 
dinary differential equations can be cast into ordinary differential equations of standard type, the 
methods of solution of the resulting ordinary differential equations can be laborious and lengthy 
in many a situations, and that they can be simplified to a large extent by applying the Adomian 
method straightaway. 
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